Penalizing null recurrent diffusions 



Christophe Profeta^ 



Abstract: Wc present some limit theorems for the normalized laws (with respect to function- 
als involving last passage times at a given level a up to time t) of a large class of null recurrent 
diffusions. Our results rely on hypotheses on the Levy measure of the diffusion inverse local time 
at 0. As a special case, we recover some of the penalization results obtained by Najnudel, Roynette 
and Yor in the (reflected) Brownian setting. 
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1 Introduction 

1.1 A few notation 

We consider a linear regular null recurrent diffusion {Xt , t > 0) taking values in R"*" , with an 
instantaneously reflecting boundary and +oq a natural boundary. Let P^; and E^; denote, respec- 
tively, the probability measure and the expectation associated with X when started from x >{). We 
assume that X is defined on the canonical space f2 := C(M+ — !■ R+) and we denote by (J^t,i > 0) 

its natural filtration, with J-ao \/ J't- 

t>o 

We denote by s its scale function, with the normalization s(0) = 0, and by m{dx) its speed mea- 
sure, which is assumed to have no atoms. It is known that (At,i > 0) admits a transition den- 
sity q{t, X, y) with respect to m, which is jointly continuous and symmetric in x and y, that is: 
q{t, X, y) = q{t, y, x). This allows us to define, for A > 0, the resolvent kernel of X by: 

/•OO 

u\{x,y) = / e"^*q{t,x,y)dt. (1) 
Jo 

We also introduce {L1,t > 0) the local time of X at a, with the normalization: 



eio m{[a,a + e[) Jq ^ ^ 

and {ti°'\i > 0) the right-continuous inverse of {L1,t > 0): 

r/"^ := inf{t > 0;i^ > /}. 

As is well-known, (t;'°\ Z > 0) is a subordinator, and we denote by i'*^"-' its Levy measure. 

To simplify the notation, we shall write in the sequel t; for t^^'' and v for i^'^^K We shall also denote 

sometimes by /i(i) ~ A*([ij +oo[) the tail of the measure ^. 
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1.2 Motivations 



Our aim in this paper is to establish some penalization results involving null recurrent diffusions. 
Let us start by giving a definition of penalization: 

Definition 1. Let {Tt,t > 0) be a measurable process taking positive values, and such that < 
lEa;[rt] < oo for any t > and every x > 0. We say that the process {Tt,t > 0) satisfies the 
penalization principle if there exists a probability measure Qx defined on (£7, J\x)) such that: 

V. > 0, VA„ e J-., ^ lim = )(A,). 

This problem has been widely studied by Roynette, Vallois and Yor when P^; is the Wiener 
measure or the law of a Bessel process (sec [RVY06e] for a synthesis and further references). They 
showed in particular that Brownian motion may be penalized by a great number of functionals 
involving local times, supremums, additive functionals, numbers of downcrossings on an interval... 
Most of these results were then unified by Najnudel, Roynette and Yor (see [NRY09]) in a general 
penalization theorem, whose proof relies on the construction of a remarkable measure W. 

Later on, Salminen and Vallois managed in [SV09] to extend the class of diffusions for which 
penalization results hold. They proved in particular that under the assumption that the (restric- 
tion of the) Levy measure ^.qi +oo[) '^|[1-+oo[ of the subordinator {ti,1 > 0) is subexponential, the 
penalization principle holds for the functional (Ft ~ h{L^),t > 0) with h a non-negative and non- 
increasing function with compact support. 

Let us recall that a probability measure /x is said to be subexponential (/x belongs to class S) if, for 
every t > 0, 

lim tq^L±22^ = 2, 

where denotes the convolution of ^ with itself. The main examples of subexponential distribu- 
tions are given by measures having a regularly varying tail (see Chistyakov [Cis64] or Embrechts, 
Goldie and Veraverbek [EGV79]): 

M[t,+oo[)^^^ ^ 

where ,9 > and 77 is a slowly varying function. When /? e]0, 1[, we shall say that such a measure 
belongs to class TZ. Let us also remark that a subexponential measure always satisfies the following 
property: 

^{[t,+oo[) 

The set of such measures shall be denoted by C, hence: 

TZcS c C. 

Now, following Salminen and Vallois, one may reasonably wonder what kind of penalization results 
may be obtained for diffusions whose normalized Levy measure belongs to classes TZ or C. This 
is the main purpose of this paper, i.e. we shall prove that the results of Najnudel, Roynette and 
Yor remain true for diffusions whose normalized Levy measure belongs to TZ, and we shall give an 
"integrated version" when it belongs to C^. 

^In the remainder of the paper, we shall make a slight abuse of the notation and say that the measure u belongs 
to £ or 7? instead of +00 [) '^l [i.+°g[ belongs to C or TZ. This is of no importance since the fact that a probability 
measure belongs to classes C 01 TZ only involves the behavior of its tail at +od. 
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1.3 Statement of the main results 



Let a > 0, ga ^ supjw < t; = a} and {Ft,t > 0) be a positive and predictable process such 
that 



< 



+ 00 



< oo. 



Theorem 2. 

1. IJ v belongs to class C, then 





Va > 0, 






[ F(.)(is 




Jo . 





i/(°^([s, +oo[)ds ^ / iy{[s,+oo[)d. 



t— >+oo 



and 



2. If belongs to class TZ: 
and if F is decreasing: 



- p+oo 




/ F^dLl 




Jo 





E,[Fo](s{x) ~ s(a))+ 



Va>0, i/(")([t,+oo[) - iy{[t, +oo[) 



!/([s, +oo[)ds. 



F (t) 



i— > + oo 



5,[Fo](s(x) -s(a))++E, 



FudLl 



iy{[t,+<x[) 



Remark 3. Point 2. does not hold for every v <^ L. Indeed, otherwise, taking a = and 
Ft ~ 1{lo<^} with £ > 0, one would obtain: 

Wt <i) = Mn >t) ~ £iy{[t, +^[), 

a relation which is known to hold if and only if e 5, see [EGV79] or [Sat99, p. 164]. 

Remark 4. If {Xt,t > 0) is a positively recurrent diffusion, then J^°° +oo[)rfs = m(R+) and 
the limit in Point 1. equals: 



lim 







■ p+oo 




-E, 









E,[Fo]E, [TJ+E, 



FudLl 



In the following penalization result, we shall choose the weighting functional F according to v. 
Theorem 5. Assume that: 

a) either v belongs to class C, and Tt ~ F {s)ds, 



b) or V belongs to class TZ and Tt ~ with F decreasing. 

Then, the penalization principle is satisfied by the functional (Ft, t > 0), i.e. there exists a probability 
measure Qx on {Q,J-oa), which is the same in both cases, such that, 



Vs > 0, VA, G 



Ex [1a, rt] 
tAToo Ex [Ft] 



lim 



0- 



Furthermore: 
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1. The measure Qi; is weakly absolutely continuous with respect to 



IE.[Fo](s(.t) - s(a))+ + [/+°° F„dL- 
where the martingale (AIt{Fg^),t > 0) is given by: 



Mt{Fg^) = F^it,{s{Xt) - s(a))+ +E, 



/ + 00 



2. Define ga '■= supjs > 0, Xg = a}. Then, under ' 
i) ga is finite a.s., 

a) conditionally to ga, the processes {Xt,t < ga) and {Xg^^t,t > 0) are independent, 
Hi) the process > 0) is transient, goes towards +oo and its law does not depend on 



the functional F . 



We shall give in Theorem 21 a precise description of Qx through an integral representation. 

Remark 6. The main example of diffusion satisfying Theorems 2 and 5 is of course the Bessel 
process with dimension 6 s]0, 2[ reflected at 0. Indeed, setting /3 = 1 — | g]0, 1[, the tail of its Levy 



measure at equals: 



i.e. v ^TZ. 



i/([t,+oo[) = 



2^-^ 1 

r(/3) tP 



Remark 7. Let us also mention that this kind of results no longer holds for positively recurrent 
diffusions. Indeed, it is shown in [ProlO] that if {Xt,t > 0) is a recurrent diffusion reflected on 
an interval, then, under mild assumptions, the penalization principle is satisfied by the functional 



' ,t >Q) with a G R, but unlike in Theorem 5, the penalized process so obtained remains 



a positively recurrent diffusion. 

Example 8. Assume that v ^ TZ and let h he a. positive and decreasing function with compact 
support on 

• Let us take (i^t,i > 0) = {h{Lf),t> 0). 

r'+oo 



Then Eq 



r + oo 

/ h{i) di < oo and, since = L°, 
Jo ^" 



+ 00 



Eo[/i(L^)] - iy{[t, +oo[) / h{e)d£, 
and the martingale {Mt{L'i ),t > 0) is an Azcma-Yor type martingale: 



Mt{Ll) ^ hiLt)is{Xt) ~ s{a))+ + 



+ 00 



h{e)d£. 



• Let us take {Ft,t>0) = {h{t),t > 0) 

h{u)Eo[dL'^ 



Then Eq 







h{u)dLl 
Eo 







/ h{u)q{u, 0, a)du < oo and therefore: 

r + co 

i'{[t,+oo[) / h{u)q{u,0,a)du, 
Jo 
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and the martingale {Mt{ga),t > 0) is given by: 

r + oo 

Mt{ga) ^ h{9'i^){s{Xt) ~ s{a))+ + / h{v + t)q{v , Xu a)dv . 

• One may also take for instance {Ft,t > 0) = {h{St),t > 0) where St := supX^ or {Ft,t > 0) = 

h ^ f{Xs)ds^ where / : M+ — > K+ is a Borel function. These were the first kind of weights 
studied by Roynettc, Vallois and Yor, see [RVY06a] and [RVY06b]. 

1.4 Organization 

The remainder of the paper is organized as follows: 

• In Section 2, we introduce some notation and recall a few known results that we shall use in the 
sequel. They are mainly taken from [Sal97] and [SVY07]. 

• Section 3 is devoted to the proof of Theorem 2. The two Points 1. and 2. are dealt with 
separately: when v £ TZ, the asymptotic is obtained via a Laplace transform and a Taubcrien 
theorem, while in the case v € C, we shall use a basic result on integrated convolution products. 

• Section 4 gives the proof of Point 1. of Theorem 5, which essentially relies on a meta-theorem, 
sec [RVY06c]. 

( p\ 

• In Section 5, we derive a integral representation for the penalized measure Qx which implies 
Point 2. of Theorem 5. 

• Finally, Section 6 is devoted to prove that, with our normalizations, the process (iV^"' := (s(Xt) — 
s(a))+ — L1,t > 0) is a martingale. 

2 Preliminaries 

In this section, we essentially recall some known results that we shall need in the sequel. 

• Let Ta := inf {u > 0; Xu = a} be the first passage time of X to level a. Its Laplace transform is 
given by 

[e-^^«] = ^^4^. (2) 
ux[a,a) 

Since {Xt,t > 0) is assumed to be null recurrent, we have for x > a, Ea;[Ta] = +oo. 

• We define iXt,t> 0) the diffusion {Xt,t> 0) killed at a: 



Xt 



Xt t < Ta, 
d t>Ta. 



where 9 is a cemetary point. We denote by q{t,x,y) its transition density with respect to m: 

VxiXt e dy) ^ q{t, X, y)m(dy) = P, {Xt G dy- 1 < Ta) . 

• We also introduce {xj^^t > 0) the diffusion {Xt,t > 0) conditionned not to touch a, following 
the construction in [SVY07]. For x > a and Ft a positive, bounded and J^t-measurable r.v.: 

^ s{x)-sia) ^^ " ^("))1{*<^"}] ■ 
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By taking Ft = f{Xt), we deduce in particular that, for x,y > a: 

q^"{t,x,y) = -r-s, f*"^-, w' f \ TTT and m^°(dj/) = (s(y) - s{a) fm(dy). 

{s(x) - s{a)){s(y) - s{a)) 

Letting X tend towards a, we obtain: 

(?^"(<,a,y) = /"^'"^^l where PyiTa e dt) ny^a{t)dt. 

• We finally define (X^'*'**, u < t) the bridge of X of length t going from x to y. Its law may be 
obtained as a /i-transform, for u < t: 



q{t ~ u,Xu,y) ^ 
q{t,x,y) 



(3) 



With these notation, we may state the two following Propositions which are essentially due to 
Salminen. 

Proposition 9 ([Sal97]). 

1. The law of ga^ :~ supjw < t; X^ = a} is given by: 

^x{gi*^ e du) =P^{Ta > t)So{du) + q{u,x,a)iy'^''\[t - u,+oo{)du. (4) 

2. On the event {Xt > a}, the density of the couple {ga\Xt) reads : 

fffi*^ G du, Xt e dy) - P,(T, >t,Xt& dy)6o{du)+ f ^' °\ Pl"(Xt_^ G dy)du {y > a) 

(5) 

We now study the pre- and post- pi'^'-process: 
Proposition 10. Under 
i) Conditionnally to ga \ the process {Xs,s < gi*^) and (X^{t)^^,s <t~ ga^) are independent. 

a) Conditionnally to ga^ = u, 
Hi) Conditionnally to ga^ ~ u and Xt ~ y > a, 

{Xu+s,S <t-u) ^ (X^ s <t-u). 



Proof, i) Point {i) follows from Proposition 5.5 of [Mil77] applied to the diffusion 
so that ^ := inf{s > 0; xi*^ ^ M+} = t. 



Xs s <t 
d s>t 
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a) Point (m) is taken from [Sal97]. 

Hi) As for Point (Hi), still from [Sal97], conditionnally to gi*^ = u and Xt = y > a, we have: 

(Xu+s, s<t-u) ^'=^ s<t-u 
But the bridges of X et have the same law. Indeed, for y,x > a: 



'q{t-tn,Xt^,y)_ 



q{t, X, y) 



(from (3)) 



gt''(i-i„,Xt„,y) 



= P'^" (Xt, G dzi, . . . , Xt„ G dx, 
and the result follows by letting x tend toward a. 



(by definition of ^l") 



□ 



3 Study of asymptotics 

The aim of this section is to prove Theorem 2. We start with the case ly £ TZ. 
3.1 Proof of Theorem 2 when u E TZ 

Let (Ft , t > 0) be a decreasing, positive and predictable process such that 

r'+oo 



< 



FudK 



< oo. 



Our approach in this section is based on the study of the Laplace transform of 1 1 — > 
Indeed, from Propositions 9 and 10, we may write, applying Fubini's Theorem: 



+ 00 



dt 



e - I E, 
Jo 



FjgW = J P(.9i*) G du)dt 



,[Fo] / e-^*P,(T, >t)dt+ / e-^* E,[Fu\Xu^a]qiu,x,ay>{[t^u,+(x[)dudt 



1 - E fe"^^"] r+°° 
[Fo] "-f ^ + / e-^*P^'*^'^(FO<?(<, X, a)dt x 



-^V(")([t,+oo[)dt 



(6) 



We shall now study the asymptotic (when A — )• 0) of each term separately. To this end, we state 
and prove two Lemmas. 
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3.1.1 The Laplace transform of t v^"-'^ {[t, +oo[) 

Lemma 11. The following foi^mula holds: 



+00 



'^*i/(°'([t,+oo[)dt 



Xux{a,a) Jq 

Proof. Since r is a subordinator and m has no atoms, from the Levy-Khintchine formula: 







= exp(/^ 









+00 



Then, from the classic relation: 



we deduce that 



1 



u\{a,a) Jq 



= p-V«X(a,a) 



Now, let £ > : 

3 POO 

(l-e-^*)i^('''(di) = [(e-^*-l)i/('^^([i,+oo[)]+°° + J Ae-^V('''([i,+oo[)dt 

Since both terms are positive, we may let £ — > to obtain: 

1 



Xux{a, a) 



where £ := lim £i/([£, +c>o[), and it remains to prove that ^ = 0. Assume that £ > 0. Then: 

e->-0 

i/('''([£,+oo[) ~ - and : 

E-S-O £ 



= £i^('^H [£,!])+ / iy^''\[t,l])dt 



> +00, 

since, from our hypothesis, 1]) -, i.e. t v^°■^[t,l]) is not intcgrablc at 0. This 

ti— >o t 

contradicts the fact that v^'^^ is the Levy measure of a subordinator, hence i = and the proof is 
completed. 

□ 

Remark 12. Since we assume that {Xt,t > 0) is a null recurrent diffusion, we have m(R+) = +00 
and from Salmincn [Sal93]: 

lim Xu\{a,a) = ^ ^^^^ = 0. (7) 



m(M+) 
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Thus, from the monotone convergence theorem, the fanction t i>'^°'\[t, +00 [) is not integrable at 
+00. On the other hand, if {Xt,t > 0) is positively recurrent, we obtain: 

+00 

i^'^°^\[t, +oo[)dt ^ m(M+) < +00. 

We now study the asymptotic of the first hitting time of X to level a. 
Lemma 13. Let x > a and assume that u belongs to class TZ. Then: 
i) The tails of v and v^"'^ are equivalent: 

:.('^)([i,+oo[) - v{[t,+oo[). 

a) The survival function of Ta satisfies the following property: 

PATa>t) ^ {s{x)-s{a)M[t,+^[). (8) 

Proof. Wc shall use the following Taubcrian theorem (see Feller [Fel71, Chap. XIII. 5, p. 446] or 
[BGT89, Section 1.7]): 

Let f be a positive and decreasing function, f3 s]0, 1[ and 77 a slowly varying function. Then, 



In particular, with f{t) = vdt, +oo[) (since v G TZ), we obtain 

r e-^',^{[t,+oo{)dt^ ^ ] , ^ ^v(t 



Now, from Krein's Spectral Theory (see for instance [DM76, Chap.5], [KK74], [KW82] or [Kas76]), 
u\{x, y) admits the representation, for x < y: 

u,{x, y) = $(x, A) {u,{0, 0)$(y, A) - *(y. A)) (10) 

where the eigenfunctions $ and are solutions of: 

$(x,A) = 1 + A/ s'{dy) $(z,A)m(dz), 



-^{x, A) = s{x) + X I s'{dy) r *(z, A)m(dz), 
Jo Jo 

We deduce then, since lim $(a;. A) = 1, hm ^'(x. A) = s{x) and hm ux{0, 0) = +00 that: 

A— )-0 A-i-O A— i-0 

uxia,a) ^ . 2 $(Q,A)^(a,A) 

«a(0,0) ^^'''^> u,{0,0) T^o'- 

Therefore, from the Taubericn theorem (9) with f{t) = i^'"' ([t, +c>o[), we obtain: 
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i.e. Point (i) of Lemma 13. 

To prove Point (m), let us compute the Laplace transform of Px(Ta > t), using (2): 







A 



A Xux{a,a) 



Xux{a, a) 



Now, for a; > a, we get from (10): 



ux{a,a) ~ux{a,x) = $(«, A)(ua(0, 0)$(a, A) - *(a, A)) - $(a, A)(ua(0, 0)$(a:, A) - *(x,A)) 
$(a, A)ua(0, 0) ($(a, A) - <P{x, A)) + $(a, A) (^'(a:, A) - ^{a, A)) 

= $(a,AK(0,0) (^A^ s'{y)dy J%{z,X)m{dz)^ +^a,X){^{x,X)~^{a,X)), 
and, letting A tend toward and using (7): 



lim u\(a, a) — u\(a, x) = s{x) — s{a). 



Therefore, 



+ 00 



-At,, 



, r„ > t)dt - — - {s{x) - s{a))—gf] - 

x~>o AuA(a,a) A->o A^ ^ \A 



and Point (ii) follows once again from the Tauberian theorem (9). 
3.1.2 Proof of Point 2. of Theorem 2 

Wc now let A tend toward in (6). Observe first that, from our hypothesis on > 0): 

^+oo /' + 00 r p + oo 



/>+oo r-\-oo r + oo 

/ ¥''^^^%F^)q{u,x,a)du= E,[FJX„ =a]E,[dLS] / R^dLl 

Jo Jo Jo 



'0 Jo 
Then, from Lemmas 11 and 13, we obtain 
• if a; < a, 



< +O0. 



+ 00 



-XtT, 



dt 



A-s-o Xu\{a,a) 

r+oo 

since lim / er^*P^(Ta > t)dt = [Ta] < +oo, 
A^o Jo 



+ 00 



FudK 



• if a; > a, 



□ 



+ 00 



e"-^*E. 



dt 



1 



A^o AMA(a,a) 



E,[FoMx)-s{a))+E, 



+ 00 



FudLl 



Therefore, for every x > 



dt ^ (E,[Fo](s(x)-s(a))++E, 

A->0 



+ CXD 



FudL^^ 



x^Hx 



and Point 2. follows from the Tauberian theorem (9) since 1 1 — > F^{t) is decreasing. 



□ 
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3.2 Proof of Theorem 2 when i/ G £ 

Let (Ft , t > 0) be a positive and predictable process such that 



+ 00 



FudLl 



< E, 

From Propositions 9 and 10 we have the decomposition: 



< oo. 















ds= [ f Ex 






Jo Jo 





ix[Fo] f PxiTa>s)ds+f f E.4Fu\Xu^a]q{u,a,x),^'^''\[s~u,+oo[)duds. 
Jo Jo Jo 

(12) 



But, inverting the Laplace transform (11), we deduce that: 

Vx{Ta > s) = / {q{u,a,a) - q{u,a,x))iy^°-\[s - u,+oo[)du, 



hence, wc may rewrite: 



ds= / f*V^''>{s)ds 



with /(u) =Ex[Fo]{q{u,a,a) - q{u,a,x)) +F'''''^''{Fu)qiu,x,a) andv'-''\u) = i^'-''\[u,+oo[). As in 
the previous section, the study of the asymptotic (when t — > +oo) will rely on a few Lemmas. 

3.2.1 Asymptotic of an integrated convolution product 

Lemma 14. Let ^ be a measure whose tailjiit) = /i([t, +oo[) satisfies the following property: 



for every u > 0, 



^{s)ds 



t—f + OO 



^{s)ds, 



and let f : 



be a continuous function such that /q^°° f{u)du < +oo. Then, 



f * /i(s) ds 



t— >+oo 



+ 00 



f{u)du / ^{s)ds 



Proof. Let e > 0. There exists A > such that, for every t > A, 
Theorem, we may write: 



/ * ^{s)ds = / f{u)du I /i(s — u)ds 



+ 00 



f{u)di 



< e. From Fubini's 



f{u)du I ii{s)ds 



f{u)du / fi{s)ds + / f{u)du I fj.{s)ds 
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Using this decomposition, we obtain 



f[u)du 



< 



So Ks)ds 
fin) (i^iiZZif)^ 



, Io'Pis)ds 



< / I/HI 



du 



du 



A Jo n[s)ds 



du 



du 



f{u)di 



Then, applying the second mean value theorem, there exists c g] A, t[ such that 



(13) 



Jo , _ Jo Ks)ds 



t-A_, 



-du 



"^^^ JoKs)ds JoKs)ds J A 



f{u)du 



hence, 



Jo M(s)ds 



du 



Jo Ks)ds 
/o /I(s)ds 



+00 



+00 



f{u)du — / f(u)du 



< 2e ^ 



/o ^^is)ds 



and, letting i tend to +00 in (13), we finally obtain: 



lim 



f{u)du - 



Jo f * m(s)'^s 



Jo M(s)f^s 



< 3e. 



□ 



Remark 15. Assume that ly e C Then ly satisfies the hypothesis of Lemma 14. Indeed for u > 0, 
since u^s — u) ^ i7(s) and V is not integrable at +00, we have: 



h'{s)ds 



i>{s)ds 



>-+oo 

Lemma 16. The following formula holds, for x > a: 



v{s — u)ds 



h'{s)ds. 



(q(w, a, a) — q{u, a, x))du = s{x) ~ s{a). 
Proof. We set f{t) = J*{q{u,a,a) — q{u,a,x))du. From Borodin-Salminen [BS02, p. 21], we have: 

f(t) = Ea [LI] - Ea m] . 

Since {Nj:"'^ = {s{Xt) — s(a))+ — L^,t > 0) is a martingale (see Section 6), this relation may be 
rewritten: 

fit) = Ea [{s{Xt) ~ s{a))+] - [{s{Xt) - s{x))+] 

= (six) ~ sia))¥aiXt >x)+Ea [(siXt) - sia))l{a<x,<.}] ■ 



12 



Then 

- (six) - s{a))\ < (six) - s{a))FaiXt < .t) + - s{a))^a<x,<.}] 

< {s{x) - s{a)) (VaiXt <x)+ Faia < Xt < x)) 

< 2{s{x) - s{a))Fa{Xt < x) 

< 2{s{x) - s(a))Po(Xt < x) > 

from [PRYIO, Chap.8, p.226], since {Xt,t > 0) is null recurrent. □ 
Lemma 17. Assume that v belongs to class C. Then: 

Va > 0, / iy^''\[s,+oo[)ds - / iy{[s,+oo[)ds 

Jo t^+OO _/g 

Proof. Let us define the function: 

/(t) [ 9(u,0,0)i/(")([i-u,+oo[)dw. 



We claim that lim f{t) = 1. Indeed, let us decompose / as follows, with e > 0: 

fa{t)^ I {q{u,0,Q)~q{u,{),a))v'^''\[t~u,+<x,[)du + Fo{Ta<t) 
Jo 

t-e 

— u, +oo[)du 

+ f 0, 0) - q{u, 0, a))v^''\[t - u, +oo[)du + Po(Ta < t). 

Jt-e 

{q{u, 0, 0) - g(u, 0, a))l{„<t_e}i/(°) ([i - u, +oo[)du 

+ / {q{t-u,Q,Q)~q{t~u,Q,a))u^''\[u,+oo[)du + Fo{Ta<t). 
Jo 

From [PRYIO; Chap.8, p. 224], we know that for every u > the function z i — > q{u,0,z) is 
decreasing, hence the function 

u I — > q{u, 0, 0) — q{u, 0, a) 

is a positive and integrable function from Lemma 16. Therefore, from the dominated convergence 
theorem, the first integral tends toward as < — >^ +oo. Moreover, it is known from Salminen [Sal96] 
that for every x,y > 0, 

lim q{t, X, y) = = 0, 

which proves, still from the dominated convergence theorem, that the second integral also tends 
toward as t — > +oo. Finally, we deduce that lim fa{t) = Fo(7a < +oo) = 1. 

Observe now that, since 77 * q[t) — i^{[u, +oo[)q{t — u, 0, Q)du — 1, we have from Fubini-Tonelli: 

:^('')([s,+oo[)fis = l*i7(°)(t) = {V*q)*V^''\t) = V*fa{t) = / fa{s)j^{[t- s,+oo[)ds. 

Jo 

Let e > 0. There exists A > such that, for every s > A: 

1 - e < /(s) < 1 + e. 



13 



Integrating this relation, we deduce that, for t > A: 

(1 - e) / V{t - s)ds < I fa{s)v(t " s)ds < (1 + e) / v{t - s)ds. 

J A J A J A 



Therefore: 







t pA 

fa{s)V(t - s)ds - / V{t - s)ds - J fa{s)V{t - s)ds 



■ t pt-A 

< £ / T'{t — s)ds — £ V{s)ds, 



and it only remains to divide both terms by h'{s)ds and let t tend toward +oo to conclude, thanks 
to Remark 15, that: 



lim 



Io^^''\s)ds 
lo Hs)ds 



- 1 



< e. 



□ 



3.2.2 Proof of Point 1. of Theorem 2 

Going back to (12), we have, with f{u) = P"" {Fu)q{u, x, a) and = +oo[): 



3a 



From Lemmas 14 and 16, we deduce that: 



lim 



- ( [Fo] / P,(T, > s)ds + / / *T7('^)(s)ds 



*^+°° /g V{s)ds Jo 



"ATa > s)ds = {s{x) - s(a))^ 



since, for x < a, / PxiTa > s)ds = Ej, [To] < +oo. Then, Point 1. of Theorem 2 follows from 
Jo 



Lemmas 14 and 17 and the fact that: 

f{u)du 
Jo 



'{Fu)qiu, X, a)du = E^, 



+ 00 



FudLl 



< +00. 



□ 



4 The penalization principle 

4.1 Preliminaries: a meta-theorem and some notations 

To prove Theorem 5, we shall apply a meta-theorem, whose proof relies mainly on Scheffe's Lemma 
(see Meyer [Mey66, p.37]): 

Theorem 18 ([RVY06c]). Let (Ff , t > 0) be a positive stochastic process satisfying for every t > 0, 
< E[Ft] < +00. Assume that, for every s > 0: 

lim = : M. 



exists a.s., and that, 
Then, 



E[A/,] = 1 
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i) for every s > and As G 



lim SlA^^E[M.Uj. 

a) there exists a probability measure Q on {fl,Too) such that for every s > 0: 

=E[M,JaJ. 



In the following, wc shall use Biane-Yor's notations [BY87]. We denote by Jlioc the set of 
continuous functions uj taking values in K+ and defined on an interval [0,^(a;)] C [0, +00]. Let P 
and Q be two probability measures, such that P(^ — +00) — 0. We denote by P o Q the image 
measure P (8) Q by the concatenation application : 



(wi,a;2) 

defined by ^(oji o UJ2) ~ + ^('^2), and 



^loc 



[lOi OUJ2){t) 



Ul{t) 



si < t < ^{lui) 



LUl{^{uJl)) + UJ2{t ~ ^{Ul)) ~ UJ2iO) si ^{UJI) <t<^{ui)+^{uj2). 



To simplify the notations, wc define the following measure, which was first introduced by Na- 
jnudel, Roynettc and Yor [NRY09]: 

Definition 19. Let Wx be the measure defined by: 



du q{u, X, a)P^-"'" o P|° + {s{x) - s{a)) 



+ pta 



Wx is a sigma-finite measure with infinite mass. 

This measure enjoys many remarkable properties, and was the main ingredient in the proof of 
the penalization results they obtained for Brownian motion. A similar construction was made by 
Yano, Yano and Yor for symmetric stable Levy processes, see [YYY09]. 
With this new notation, wc shall now write: 



Wx{FgJ=Ex 



+ 00 



FudK 



FudL^ 



+ El'^[FoMx)-sia))+ 
+ Ex[FoMx)^s{a))+. 



4.2 Proof of Point i) of Theorem 5 

Let < u < t. Using Biane-Yor's notation, wc write: 

{X„ s<t)^ {X,, s<u)o {Xs+u,0 <s<t-u) 
hence, from the Markov property, denoting F^{t) — F{Xs,s < t): 

Ex[F{Xs,s < t)l{„<t} \Fu] = Ex„ \f{{Xs, s<u)o (X,, <s<t- 
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Let us assume first that v & TZ and that [Ft^t > 0) is decreasing. Then, from Theorem 2 with 

Tf = F_ 



E 



Km ■ 

t— >+oo 



= E; 



F{{X„ s<u)o {Xs,0 <s<t- u))l{„<t} 



j/([t,+oo[) 

F{{X„ s<u)o Xo)] - s(a))+ + E^^ 



+ 00 



F{{X,,s <u)o {X,, 0<s<v- u))dLl 



s < u)(.s(X„) - s(a))+ + E, 
F(„) -s(a))+ +E, 



F{{X,,s < u) o (X,, 0<s<v^ u))dLl\Fu 



Fw(s(X„)-s(a))++E, 



F^{^)dL'^\Tu 

p + tx> 

I F^dL1\Fu 

J u 



hence, 



hm 

t— >+oo 



Ex 


F^{t) \Fu 


Ex 


F it) 

9« . 





MujFg^) 

Wx(FgJ' 



On the other hand, if G >C and Ft = F (s-jds, a similar computation gives: 



hm 

t— )-+oo 



/o Ex^ F{{Xs,s<u)o{X,,Q<s<v- 



/o iyi[s,+oo[)ds 



F(„)(s(X„)-s(a))++E, 



+ CXD 



and 



Ex 


IoFgU)ds\Tu 




Ex 







lim 

t— »+oo 



Therefore, to apply Theorem 18, it remains to prove that: 
We shall make a direct computation, applying Proposition 9: 
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• if .T > a, 



Fn,{siXt)^sia))++E, 



/ + 00 
FudLl\Tt 



K,[Fo\Xt ^y,Ta> t]{s{y) - s{a))¥,{Ta >t,Xte dy) 



t /'+CX3 



P"'"'"(i^«)9(^^, a, x)Pl (^t-u e dy)du + / P"^"''^(^^„)(7(u, a, x)du 



+ 00 







• if a; < a, then, for y > a,Vx {Ta > t, Xt (z dy) = since X has continuous paths, and the same 
computation leads to: 



-\-oo 



Therefore, for every x > 0, E^; 



MtiFg, 



= 1. and the proof is completed. 



□ 



Remark 20. Consider the martingale (iV^ = {s{Xt) — s(a))+ — L1,t > 0). We apply the balayage 
formula to the semimartingale {{s{Xt) — s(a))+,t > 0): 

Fu){s{Xt) - = Fo{s{x) - .s(a))+ + / F („,d(s(X„) - s{a))+ 



Fo{s{x) ~ s{a))+ + F:.,dNi-^+ F,.,dLl 



Therefore, the martingale (Mt{Fg^),t > 0) may be rewritten: 



MtiFgJ = Foisix) - s(a))+ + / F.^.dNi''^ + E^ 



+ 00 



FsdL^,\Fu 



^iF) 



5 An integral representation of 

Finally, Point 2. of Theorem 5 is a direct consequence of the following result: 

( 

Theorem 21. Qx admits the following integral representation: 

qiu,x,a)F^P''-^'''oVl'' + {six)-s{a))Fo: 
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= E 



Proof. Let G, H and tp be three Borel bounded functionals. We write: 

GiX,,s < .gi*))^(g(*))i/(X <„^^, s<t- g^) (^F^,j> (siXt) - s{a))+ + F^di^j J^t ^ 

= /l(t)+/2(i). 

On the one hand, I2 equals 



/+cx> 
FudLt, 







from the dominated convergence theorem. 

On the other hand, from Propositions 9 and 10: 



hit) 



a Jo 

E 



gl'^ e du, Xt&dy] x 



G(X,„.s < u)ip{u)H{X^+,,s < t - u)Fu{s{y) - s(a))|# = = y 



+00 ft 



a Jo 



We now separate the two cases ga^ = and ga' > as in relation (5). 

• First, when g^a^ = and x < a, this term is null. Indeed, for x < a < y, P^; {Ta > t,Xt ^ dy) = 
since X has continuous paths. Next, for x > a: 

{Ta >t,Xte dy)G{x)E.,[FoMO){s{y) - s(a))E, [H{X,,s < t)\Ta >t,Xt= y] 

Gix)E4Fo]ipiO)E, [{siXt)-sia))+H{Xs,s<t)l{T^yty] 
G{x)E,[FoMO){s{x) - siaml" [H{X,,s< t)] 

> G{x)E,[FoMO){s{x) - s{a))+El- [H{X,,s> 0)] . 



(t) 



• Second, when ga^ > 

r'+oo pt 



a 



, ;\' \' FliXt.u e dy)du X 
px,.,a ^ < ^)_p^) y'C^OCsly) - s(a))lEx [h{Xu+s,s < t - =u,Xt = y 

/ (7(M,x,a)P^(Xt_„ G dy)du x 
Jo 

p.,.,a ^G{X,,s < u)F^) ip{u)El- [H{Xs, s<t- u)\Xt-u = y] 
du q{u, X, a)P^'"''' {G{Xs,s < u)Fu) (p{u)El'' [77 (X,, s < t - u)] 

r+oo 

> / duq{u,x,a)F''^''-''iG{Xs,s <u)Fu)'p{u)El''[H{X,,s>0)]. 
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□ 

Remark 22. From Theorem 21. Qx {ga < +00) = 1 and wc deduce that, eonditionahy to ga, 

1. oil the event ga > 0, the law of the process (Xg^+u,u > 0) under Qi^'' is the same as the law 
of (X„,it > 0) under P;^'', 

2. on the event = 0, the law of the process {X^, u > 0) under Qx is the same as the law of 
{Xu,u> 0) under P>. 

Observe that the process {Fu, u > Q) plays no role in these results. 

Example 23. Let h he a positive and decreasing function on IR+. 

r + co 

• Let us take (F*, t > 0) = {h{L^), t > 0) and assume that / h{e)d£ = 1: 

Jo 

Jo 

Thus, under Qg''^^''"'", the r.v. is a.s. finite and admits £ 1 — > h(£) as its density function. 

Furthermore, conditionally to = £ the process {Xt,t < ga) has the same law as {Xt,t < r^^"'') 
under Pq. 

• Let us take {Ft,t > 0) = {h(t),t > 0) and assume that / h{u)q{u,0, a)du = 1: 

Jo 

r + oo 

Q(M9a)) ^ ^(^^ a)/i(w)P"'"''' o Pt. 

Jo 

Then, under p^j''*-^"^^^ the r.v. ga admits as density function u 1 — > h{u)q{u, 0, a) and, conditionally 
to ga = u the process {Xt,t < ga) has the same law as {Xt,t < u) under p"'"''*. 



6 Appendix 



Let a > and define (A^/"'' :— {s{Xt) — s(a))+ — L1,t > 0). The aim of this section is to prove 
that {Nj:°'\t > 0) is a martingale in the filtration (Tt, t > 0). Applying the Markov property to the 
diffusion {Xt,t > 0) we deduce that: 



Eo 



= Ex. [{s{Xt) - s{a))+] - - Ex, [Lt] 



We set cc = so we need to prove that for every a; > 0: 

(s(x) - s(a))+ = E, [{s{Xt) - sia))- 

or rather: 



IE.. [Lt] 



+ 00 pt 

{s{y) - s{a))+q{t,x,y)m{dy) ^ / q{u,x,a)du + {s{x) - s{a)y 
lo Jo 

Let us take the Laplace transform of this last relation (applying Fubini-Tonelli) : 

f +00 



/ 

Jo 



(s(y) - s{a))+ux{x, y)m{dy) 



uxix,a) {s{x) - s(a)) + 



A 



A 



(14) 
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Our aim now is to prove (14). To this end, we shall use the following representation of the resolvent 
kernel ux{x,y) (see [BS02, p.l9]): 

u\{x,y) = oj^'^ipx{x)(px{y) x<y 

where ip\ and (p\ arc the fundamental solutions of the generalized differential equation 

— —u = Alt (15) 

dm as 

such that tpx is increasing (resp. tpx is decreasing) and the Wronskian uj\ is given, for all z > by: 

^\ = ipx{z) — {z) ~ Tpx[z) — {z). 

Note that since m has no atoms, the meaning of (15) is as follows: 

/"^ du du du u{x + h)-u{x) 

Vy > a;, A / u[z)m[dz) ~ —j—[y) 1~(2^) where 'i~[x) '■= hm 



ds ds ds /i-s-o s{x + h) ~ s{x) 

• Assume first that x < a. 



{s{y) - s{a))ux{x,y)m{dy) 



a 



+ 00 

dsiz) ] ii)x{x)^x{y)m{dy) 



1 

J a 



/ ds{z) / tpx{y)m{dy) (applying Fubini-Tonclli's theorem since Lpx > 0) 

J a J z 

/ ds(z)— — (z) since lim — — (y) = as +cx) is a natural boundary ) 

Ja ds \ y^ + !x> ds J 



0J\ 



^"^^ ^ " (a) [since lim (fixiz) = as +oo is a natural boundary] 



Xujx 

ipXy..; , ..... 

AUJx \ z^+oo 

_ uxix,a) 
A 

which gives (14) for x < a. 

• Now, let us suppose that x > a. We have, with the same computation: 

{s{y) - s{a))ux(x,y)m{dy) 

X r-\-oo 

{s{y) - s{a))ux{x,y)7n{dy) + / {s{y) - s{a))ux{x,y)m{dy) 



a 



h + h 
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On the one hand: 



h = / ds(z) I My)midy) 



0J\ 



Xujx \ ds ds 

^'^"^^ ^{.s{x) - s{a))^{x) - (M^) ^ Ma)) 



XuJx \ ds 
s{x) - s{a) .dipx ux{x,x) uxix,a) 

T ^X[x)-^(x) r + r . 

Xojx ds X X 



On the other hand: 



J2 = / {s{y) - s{x))ux{x,y)m.{dy) + {s{x) - s{a)) ux{x,y)m{dy) 

J X J X 

ux{x,x) s{x) — s{a) [^°° / ^ , 1 \ ,r 1 • • N 

= r 1 wxyx) I ipx\y)in{dy) (irom the previous computations) 

X tox Jx 

ux{x,x) s[x) - s{a) .dipx, . 

= 7 T Vx[x) — (x). 

X XuJx ds 

Finahy, gathering both terms, we obtain for x > a: 

"^(siy) - sia))uxix, y)midy) = '-^^^^^ (^^ - + 

_ s{x) - s{a) ux{x,a) 
A + A ' 

which is the desired resuh (14) from the definition of the Wronskian. 



□ 
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